We derive the corrections induced by the W -boson propagator to the differential rates of the leptonic decay of a polarized muon and τ lepton. Results are presented both for decays inclusive of inner bremsstrahlung as well as for radiative ones, when a photon emitted in the decay process is measured. The numerical effect of these corrections is discussed. The definition of the Fermi constant GF is briefly reviewed.
I. INTRODUCTION
The decay of the muon is one of the best known processes in particle physics. For more than 50 years it has played a fundamental role in our understanding of weak interactions, and increasingly precise measurements of its lifetime, combined with the calculation of radiative corrections, allowed to determine the Fermi constant G F with a relative precision of better than one part per million (ppm) [1] [2] [3] .
Muon and τ leptonic decays provide a clean probe to test the Standard Model (SM) and search for possible "new physics" beyond it. Recent measurements of the muon decay spectrum reached the precision of 10 −4 [4] . The energy spectra of electrons and muons in leptonic τ decays have been measured to O(1%) [5] and significant improvements are expected at the upcoming SuperKEKB collider [6] . Progress is expected also in the analyses of muon and τ radiative leptonic decays, which provide a complementary tool to analyze the structure of the mediating current when inner bremsstrahlung is detected and measured. Precise radiative leptonic τ decay data may also allow to determine the τ dipole moments [7] .
In this article we evaluate the corrections to muon and τ leptonic decays induced by the W -boson propagator. Calling M and m the masses of the initial and final charged leptons (neutrinos and antineutrinos are considered massless), we present both the leading contri- We begin our analysis considering, in Sec. II, muon and τ leptonic decays when measurements are inclusive of inner bremsstrahlung and possible light-fermion pair production. We review the W -propagator corrections to integrated decay rates (also addressing a recent controversy in the literature) and present subleading, previously uncomputed, contributions to the energy-angle distribution of the final charged lepton. This section also contains a brief review of the definition of the Fermi constant G F . In Sec. III we derive the W -propagator corrections to the differential decay rates when a radiative photon is identified. Conclusions are drawn in Sec. IV.
II. INCLUSIVE DECAYS
In this Section we consider the contribution of the Wboson propagator to the rates of muon and τ leptonic decays inclusive of the emission of radiation and possible light-fermion pair production accompanying the decay process. We denote them by
where l = e or µ. The theoretical prediction for these decay rates must include fully integrated inner bremsstrahlung and tiny contributions from the production of light-fermion pairs. Let us focus our attention on muon decay. In the SM, the decay rate of (1) is [8] 
where
is a phase-space factor and, as defined earlier, M and m are identified in muon decay with m µ and m e . Also,
where g is the SU(2) L gauge coupling constant and ∆r is the electroweak correction introduced by Sirlin in Ref. [9] . The term δ µ is the QED correction evaluated in the Fermi V -A theory; it includes the corrections of virtual and real photons up to O(α 2 ), as well as the tiny contribution of the decay µ − → e − ν µνe e + e − [10] [11] [12] [13] [14] [15] [16] . Moreover,
is the tree-level correction induced by the W -boson propagator recently computed by Ferroglia, Greub, Sirlin and Zhang [8] . Its leading and next-to-leading contributions can be immediately derived from Eq. (6):
and (9/5)(m/M W ) 2 , respectively. While the leading one is well known in the literature [17, 18] , the next-toleading term differs from that reported in earlier publications [19] [20] [21] . We confirm the result in Eq. (6), in agreement with Ref. [8] . We should add that while
is of the same magnitude as the present experimental relative uncertainty of the muon decay rate in Eq. (3) 
(7) plus QED to leading order in the weak interaction coupling constant. We remind the reader that to leading order in G F , but to all orders in α, the radiative corrections to muon decay in the Fermi V -A theory are finite after mass and charge renormalization [22] . Specifically, the present Particle Data Group (PDG) definition of G F is given by the relation [2, 23] 
This definition is independent of M W , whereas earlier ones (see, for example, PDG 2010 [24] 
with δ W (m µ , m e ) = 1.04 × 10 −6 given by Eq. (6). The muon decay rate in Eq. (3) can be immediately extended to the τ leptonic decays in (2) identifying M with m τ and m with m e or m µ . The QED correction δ µ should also be replaced by δ τ , the appropriate one for these decays, while the electroweak corrections are the same as those contained in G µ for muon decay [25] . Furthermore, in order to express these τ decay rates in terms of G F , one should also replace G µ in Eq. (3) via Eq. (9), thus obtaining
Note that the leading contribution to δ W (M, m), appearing in the numerator in square brackets, is independent of the flavor of the final lepton; it amounts to (3/5)(m τ /M W ) 2 ∼ 2.9 × 10 −4 . The term δ W (m µ , m e ) in the denominator, due to the relation between G µ and G F , has been kept for completeness, but it is of the same order of magnitude as the uncomputed radiative corrections of O(α m (1) and (2) of a polarized µ − or τ − at rest is [12] 
is the four-momentum of the final charged lepton, x = 2E l /M varies between 2r and 1+r 2 , p and n = (0,n) are the fourmomentum and polarization vector of the initial muon or τ , with n 2 = −1 and n · p = 0, and cos θ l is the angle betweenn and p l . The corresponding formula for the decay of a polarized µ + or τ + is simply obtained inverting the sign in front of cos θ l in Eq. (11) . The functions f (x) and g(x) are the QED radiative corrections; f (x), contributing to the isotropic (θ l -independent) part, has been calculated up to O(α 2 ), while g(x), contributing to the anisotropic one, is known up to leading O(α 2 ) effects [10] [11] [12] [13] [27] [28] [29] . The hadronic corrections to Eq. (11), which are of O(α 2 /π 2 ), were computed for the decay of the muon, but not yet for the τ [30] . The terms proportional to r ), agree with those of Ref. [31] ; they are required by present studies of the Michel parameters in leptonic τ decays at Belle [32] . To our knowledge, the calculation of the subleading terms, of O(r 2 r 2 W ), is new.
III. RADIATIVE DECAYS
We now turn our attention to the contributions of the W -boson propagator to the decays
when a radiative photon is detected and measured. The tree-level SM prediction for the differential decay rates (12, 13) of a polarized µ − or τ − at rest is
where y = 2E γ /M , E γ is the energy of the photon, the final charged lepton and photon are emitted at solid angles Ω l and Ω γ , respectively, with normalized three-momentâ p l andp γ , and c ≡ cos θ is the cosine of the angle between p l andp γ . The corresponding formula for the radiative decay of a polarized µ + or τ + is simply obtained inverting the signs in front of the scalar productsn ·p l and n ·p γ in Eq. (14) . The function G 0 and, analogously, J 0 and K 0 , are given by
where z = xy (1 − cβ)/2. The functions g 0 , j 0 , and k 0 , computed in [18, [33] [34] [35] , arise from the pure Fermi V -A interaction, whereas g W , j W , and k W are the leading contributions of the W -boson propagator. Their explicit expressions are:
The kinematic limits for x, c, and y are
where the maximum normalized photon energy is
However, every experimental setup has a minimum photon energy E min γ = y min (M/2) below which photons are not detected. As the constraint y min < y max (x, c), necessary to measure radiative decays, leads to the bound c < c max (x), with
the kinematic ranges of x, c, and y > y min are reduced to
We note that the terms in G 0 , J 0 , and K 0 proportional to r 2 cannot be neglected in the integrated decay rate. Indeed, the functions multiplying these r 2 terms generate a singular behavior in the r → 0 limit after the integration over c ≡ cos θ: terms proportional to r 2 /z 2 in G 0 (or J 0 , K 0 ) lead to a nonvanishing contribution to the integrated decay rate since dc (1/z 2 ) ∝ 1/z is evaluated at the integration limit c → 1 where z → xy (1 − β)/2 ≈ r 2 (y/x) for x ≫ 2r.
One-loop radiative corrections to Eq. (14) were computed in Refs. [36, 37] .
If the initial µ ± or τ ± are not polarized, Eq. (14) simplifies to
Integrating Eq. (23) over the kinematic ranges (22) and dividing the result by the muon or τ total widths Γ µ,τ one obtains the branching ratios of the radiative decays (12, 13) for a given threshold y min . We note that these branching ratios contain mass singularities (and ln y min ) [18, 33] , but their presence does not contradict the Kinoshita-Lee-Nauenberg theorem, which applies only to total decay rates [12, 38] . In particular, for the branching ratio of radiative µ + decays with a minimum detected photon energy E min γ = 10 MeV we obtain 1.3 × 10 −2 , to be compared with the experimental value 1.4(4)× 10 −2 [39] . A new preliminary measurement of this branching ratio has recently been reported by the PIBETA experiment [40] . For radiative τ − decays, with the same threshold E min γ = 10 MeV, we obtain 1.84 × 10 −2 (l = e) and 3.67 × 10 −3 (l = µ), to be compared with the values measured by the CLEO Collaboration, (1.75 ± 0.06 ± 0.17) × 10 −2 and (3.61 ± 0.16 ± 0.35) × 10 −3 , respectively, where the first error is statistical and the second one is systematic [41] .
IV. CONCLUSIONS
We examined the corrections induced by the Wboson propagator to the rates of the leptonic decay of a polarized muon and τ . We first analysed the experimental setup in which inner bremsstrahlung is not measured, reviewing the W -propagator correction to the integrated decay rates and the definition of the tion of the final charged lepton were also presented (M and m are the masses of the initial and final charged leptons). The leading ones are already required by present studies of τ leptonic decays at Belle [32] . Comparisons with existing results were performed.
We then considered radiative decays, where the emission of a real photon is detected and measured, deriving the expression for the differential decay rate with respect to the angles and the energies of the final lepton and photon. The numerical impact of the W -propagator corrections to the differential rate of radiative muon decay is currently negligible because m 2 µ /M 2 W ∼ 10 −6 , whereas, at present, the relative error in the measurement of the electron spectrum is of O(1%) [40] . On the other hand, since in radiative τ decays m , Wpropagator corrections are useful to control the present systematic uncertainty of the final-lepton spectra measured at Belle [42] , and their inclusion is expected to be important to interpret the precise results from the upcoming Belle-II experiment [6] .
